
1.1 ELECTRICAL MACHINES, 
TRANSFORMERS, AND DAILY LIFE 

CHAPTER 

1 
INTRODUCTION 
TO MACHINERY 

PRINCIPLES 

An electrical machine is a device that can convert either mechanical energy to 
electrical energy or electrical energy to mechanical e nergy. When such a device is 
used to convert mechanical energy to e lectrical energy, it is called a generator. 
When it converts electrical energy to mechanical energy, it is called a motor. Since 
any given e lectrical machine can convert power in either direction, any machine 
can be used as either a generator or a motor. Almost all practical motors and gen­
erators convert energy from one form to another through the action of a magnetic 
fie ld, and only machines using magnetic fie lds to perform such conversions are 
considered in this book. 

The transformer is an e lectrical device that is closely related to electrical 
machines. It converts ac electrical energy at one voltage level to ac electrical en­
ergy at another voltage level. Since transfonners operate on the same principles as 
generators and motors, depending on the action ofa magnetic field to accomplish 
the change in voltage level, they are usually studied together with generators and 
motors. 

These three types of e lectric devices are ubiquitous in modern dai ly life. 
Electric motors in the home run refrigerators, freezers, vacuum cleaners, blenders, 
air conditioners, fans, and many similar appliances. In the workplace, motors pro­
vide the motive power for almost all tools. Of course, generators are necessary to 
supply the power used by alJ these motors. 

I 
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Why are electric mot ors and generators so common ? The answer is very 
simple: Electric power is a clean and efficient energy source that is easy to trans­
mit over long distances, and easy to control. An electric motor does not require 
constant ventilation and fuel the way that an internal-combustion engine does, so 
the motor is very well suited for use in environments where the pollutants associ­
ated with combu stion are not desirable. Instead, heat or mechanical energy can be 
converted to electrical fonn at a distant location, the energy can be transmitted 
over long distances to the place where it is to be used, and it can be used cleanly 
in any horne, offi ce, or factory. Transfonners aid this process by reducing the en­
ergy loss between the point of electric power generation and the point of its use. 

1.2 A NOTE ON UNITS A ND NOTATION 

TIle design and study of electric machines and power systems are among the old­
est areas of electrical engineering. Study began in the latter part of the nineteenth 
century. At that time, electrical units were being standardized internati onally, and 
these units came to be universally used by engineers. Volts, amperes, ohms, watts, 
and similar units, which are part of the metric system of units, have long been 
used to describe electrical quantities in machines. 

In English-speaking countries, though, mechanical quantities had long been 
measured with the English system of units (inches, feet, pounds, etc.). This prac­
tice was followed in the study of machines. TIlerefore, for many years the electri­
cal and mechanical quantities of machines have been measured with different sys­
tems of units. 

In 1954, a comprehensive system of units based on the metric system was 
adopted as an international standard. This system of units became known as the 
Systeme International (SI) and has been adopted throu ghout most of the world. 
The United States is practically the sole holdout--even Britain and Canada have 
switched over to Sl. 

TIle SI units will inevitably become standard in the United States as time 
goes by, and professional societies such as the Institute of Electrical and Elec­
tronics Engineers (IEEE) have standardized on metric units for all work. How­
ever, many people have grown up using English units, and this system will remain 
in daily use for a long time. Engineering students and working engineers in the 
United States today must be familiar with both sets of units, since they will en­
counter both throughout their professional lives. Therefore, this book includes 
problems and examples using both SI and English units. TIle emphasis in the ex­
amples is on SI units, but the older system is not entirely neglected. 

Notation 

In this book, vectors, electrical phasors, and other complex values are shown in 
bold face (e.g., F), while scalars are shown in italic face (e .g., R). In addition, a 
special font is used to represent magnetic quantities such as magnetomotive force 
(e.g., 'iJ) . 
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1.3 ROTATIONAL MOTION, NEWTON'S 
LAW, AND POWER RELATIONSHIPS 

Almost all e lectri c machines rotate about an axis, called the shaft of the machine. 
Because of the rotational nature of machinery, it is important to have a basic un­
derstanding of rotational motion. This secti on contains a brief review of the con­
cepts of distance, velocity, acceleration, Newton's law, and power as they apply to 
rotating machinery. For a more detailed discussion of the concepts of rotational 
dynamics, see References 2, 4, and 5. 

In general, a three-dimensional vector is required to complete ly describe the 
rotation of an object in space. However, machines nonnally turn on a fixed shaft, 
so their rotation is restricted to one angu lar dimension. Relative to a given end of 
the machine's shaft , the direction of rotation can be described as either clockwise 
(CW) or counterclockwise (CCW). For the purpose of this volume, a counter­
clockwise angle of rotation is assumed to be positive, and a clockwise one is as­
sumed to be negati ve. For rotation about a fixed shaft, all the concepts in this sec­
tion reduce to scalars. 

Each major concept of rotational motion is defined below and is re lated to 
the corresponding idea from linear motion. 

Angular Position 0 

The angular position () of an object is the angle at which it is oriented, measured 
from some arbitrary reference point. Angular position is usually measured in 
radians or degrees. It corresponds to the linear concept of distance along a line. 

Angular Velocity w 

Angular velocity (or speed) is the rate of change in angular positi on with respect 
to time. It is assumed positive if the rotation is in a counterclockwise direction. 
Angular velocity is the rotational analog of the concept of velocity on a line. One­
dimensional linear velocity along a line is defmed as the rate of change of the dis­
placement along the line (r) with respect to time 

d, 
v~ -

dt 
(I -I ) 

Similarly, angular velocity w is defined as the rate of change of the angular dis­
placement () with respect to time. 

w = de 
dt 

(1 - 2) 

If the units of angular position are radians, then angular velocity is measured in ra­
dians per second. 

In dealing with ordinary e lectri c machines, engineers often use units other 
than radians per second to describe shaft speed. Frequently, the speed is given in 
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revolutions per second or revolutions per minute. Because speed is such an im­
portant quantity in the study of machines, it is customary to use different symbols 
for speed when it is expressed in different units. By using these different symbols, 
any possible confusion as to the units intended is minimized. TIle following sym­
bols are used in this book to describe angular velocity: 

Wm angular velocity expressed in radians per second 
f.. angular velocity expressed in revolutions per second 
nm angular velocity expressed in revolutions per minute 

TIle subscript m on these symbols indicates a mechanical quantity, as opposed to 
an electrical quantity. If there is no possibility of confusion between mechanical 
and electrical quantities, the subscript is often left out. 

TIlese measures of shaft speed are re lated to each other by the following 
equations: 

(l - 3a) 

( 1- 3b) 

Angular Acceleration a 

Angular acceleration is the rate of change in angular velocity with respect to time. 
It is assumed positive if the angular velocity is increasing in an algebraic sense . 
Angular acceleration is the rotational analog of the concept of acceleration on a 
line. Just as one-dimensional linear acceleration is defined by the equation 

angular acceleration is defined by 

d, 
a~ -

dt 

a = dw 
dt 

(1-4) 

(1 - 5) 

I f the units of angular velocity are radians per second, then angular acceleration is 
measured in radians per second sq uared. 

Torque "T 

In linear motion, aforce applied to an object causes its velocity to change. In the 
absence of a net force on the object, its velocity is constant. TIle greater the force 
applied to the object, the more rapidly its velocity changes. 

TIlere exists a similar concept for rotation. When an object is rotating, its 
angular velocity is constant unless a torque is present on it. The greater the torque 
on the object, the more rapidly the angular velocity of the object changes. 

What is torque ? It can loosely be called the "twisting force" on an object. 
Intuitive ly, torque is fairly easy to understand. Imagine a cylinder that is free to 
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• 
F 

, 
Torque is counterclockwise 

'bJ 

(a) A force applied to a cylinder so that it passes through the axis of rotation. T = O. (b) A force 
applied to a cylinder so that its line of action misses the axis of rotation. Here T is counterclockwise. 

rotate aboul its axis. If a force is applied to Ihe cy linder in such a way thai its line 
of action passes through the axis (Figure I-Ia), then the cylinder will not rotate. 
However, if the same force is placed so that its line of action passes 10 Ihe righl of 
Ihe axis (Figure I-I b), the n Ihe cylinder will lend 10 rotate in a counterclockwise 
direction. The torque or twisting action on the cylinder depends on ( I) the magni­
tude of the applied force and (2) the distance between the axis of rotation and the 
line of action of the force . 

The torque on an object is defined as the prod uct of the force applied 10 the 
object and the smallest distance between the line of action of the force and the ob­
ject's axis of rotation. If r is a vector pointing from the axis of rotation to the poinl 
of applicalion of the force, and if F is the applied force, then the torque can be de­
scribed as 

7" = (force applied)(perpendicular distance) 

= (F) (r sin ()) 

= rF sin () (1-6) 

where () is the angle between the vector r and the vector F. The direction of the 
lorque is clockwise if it would te nd 10 cause a clockwise rotation and counler­
clockwise if it wou Id te nd to cause a counterclockwise rotalion (Figure 1-2). 

The units of torq ue are newton-meters in SI units and pound-feel in lhe Eng­
lish system. 
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T = (perpendicular distance) (force) 

T = (r sin 9)F. cou nterclockwise 

Newton's Law of Rotation 

, , , , 
F ' 

FIGURE 1-1 
Derivation of the equation for the torque 
on an object. 

Newton's law for objects moving along a straight line describes the relationship 
between the force applied to an object and it s resulting acceleration. This rela­
tionship is given by the equation 

where 

F = nuJ 

F = net force applied to an object 

m = mass of the object 

a = resulting acceleration 

(1 - 7) 

In SI units, force is measured in newtons, mass in kil ograms, and acceleration in 
meters per second squared. In the English system. force is measured in pounds, 
mass in slugs, and acceleration in feet per second squared. 

A similar equation describes the relationship between the torque applied to 
an object and its resulting angular acceleration. This relationship, cal led Newton S 
law ofrotation, is given by the equation 

7" = Ja (1 - 8) 

where 7" is the net applied torque in newton-meters or pound-feet and a is the re­
sulting angular acceleration in radians per second squared. 1lle tenn J serves the 
same purpose as an object's mass in linear moti on. It is called the moment of 
ineT1ia of the object and is measured in kil ogram-meters squared or slug- feet 
squared. Calculation of the moment of inertia of an object is beyond the scope of 
this book. For infonnation about it see Re f. 2. 
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Work W 

For linear motion, work is defined as the application of a force through a distance. 
In equation fonn, 

W = f Fdr (1 - 9) 

where it is assumed that the force is coil inear with the direction of motion. For the 
special case of a constant force applied collinearly with the direction of motion, 
this equation becomes just 

W = Fr (1 -1 0) 

The units of work are joules in SI and foot-pounds in the English system. 
For rotational motion, work is the application of a torque through an angle. 

Here the equation for work is 

w ~ f ,dO (I -II ) 

and if the torque is constant, 

W = TO ( 1-12) 

Power P 

Power is the rate of doing work, or the increase in work per unit time. The equa­
tion for power is 

p = dW 
dt 

( 1-13) 

It is usually measured in joules per second (watts), but also can be measured in 
foot-pounds per second or in horsepower. 

By this defmition, and assuming that force is constant and collinear with the 
direction of moti on, power is given by 

p = dd~ = :r (Fr) = F (~;) = Fv ( 1-1 4) 

Simi larly, assuming constant torque, power in rotational motion is given by 

p = dd~ = :r (TO) = T(~~) = TW 
p = TW ( 1-15) 

Equati on (1 -1 5) is very important in the study of e lectric machinery, because it 
can describe the mechanical power on the shaft of a motor or generator. 

Equation (1-I 5) is the correct relationship runong power, torque, and speed if 
power is measured in watts, torque in newton-meters, and speed in radians per sec­
ond. If other units are used to measure any of the above quantities, then a constant 
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must be intnx:luced into the equation for unit conversion factors. It is still common 
in U.S. engineering practice to measure torque in pound-feet, speed in revolutions 
per minute, and power in either watts or horsepower. If the appropriate conversion 
factors are included in each tenn, then Equation ( I-IS) becomes 

T (lb-ft) n (r/min) 
P (watts) = 7.04 ( 1-16) 

P (h ) 
_ T (lb-ft) n (r/min) 

orsepower - 5252 ( 1-17) 

where torque is measured in pound-feet and speed is measured in revolutions per 
minute. 

1.4 THE MAGNETIC FIELD 

As previously stated, magnetic fields are the fundrunental mechanism by which en­
ergy is converted from one fonn to another in motors, generators, and transfonn­
ers. Four basic principles describe how magnetic fields are used in these devices: 

I. A current-carrying wire produces a magnetic field in the area around it. 

2. A time-changing magnetic fi e ld induces a voltage in a coil of wire ifit passes 
through that coil. (This is the basis of transfonner action.) 

3. A current-carrying wire in the presence of a magnetic field has a force in­
duced on it. (This is the basis of motor action.) 

4. A moving wire in the presence of a magnetic field has a voltage induced in it. 
(This is the basis of generator action. ) 

TIlis section describes and e laborates on the production of a magnetic field by a 
current-carrying wire, whi le later sections of thi s chapter explain the remaining 
three principles. 

Production of a Magnetic Field 

TIle basic law governing the prod uction of a magnetic field by a current is 
Ampere's law: 

( 1-18) 

where H is the magnetic fi e ld intensity produced by the current I""" and dl is a dif­
ferentia l e lement of length along the path of integrati on. In SI units, I is measured 
in amperes and H is measured in ampere-turns per meter. To better understand the 
meaning of this equation, it is he lpfu l to apply it to the simple example in Figure 
\-3. Figure 1-3 shows a rectangular co re with a winding of N turns of wire 
wrapped about one leg of the core . If the core is composed of iron or certain other 
similar metal s (collective ly calledferromagnefic mnterials), essentiall y all the 
magnetic field prod uced by the current wi ll remain inside the core, so the path of 
integration in Ampere's law is the mean path length of the core (. TIle current 
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Mean path length Ie 

FIGURE 1-3 
A simple magnetic core. 

Nturns 

It~'1I--- Cross-sectional =.A 

passing within the path of integration I""" is then Ni, since the coil of wire c uts the 
path of integration Ntimes while carrying current i. Ampere's law thus becomes 

H( = Ni ( 1-19) 

Here H is the magnitude of the magnetic field intensity vector H. Therefore, the 
magnitude or the magnetic field inte nsity in the core due to the applied current is 

H =Ni 
Ie 

( 1-20) 

The magnetic fie ld intensity H is in a sense a measure of the "effort " that a 
c urrent is putting into the establishme nt of a magnetic fi e ld. The strength of the 
magnetic fi e ld nux prOOuced in the core also depends on the material of the core. 
The re lationship between the magnetic field intensity H and the resu lting mag­
netic flux density B produced within a material is given by 

( 1-21 ) 

where 

H = magnetic field intensity 

/L = magnetic penneabi/ity of material 

B = resulting magnetic flux density prOOuced 

TIle actual magnetic flux density produced in a piece of material is thus 
given by a product of two tenns : 

H, representing the e ffort exerted by the current to establish a magnetic 
field 

/L, representing the re lative ease o f establishing a magnetic field in a given 
material 
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The units of magnetic fi e ld intensity are ampere-turns per meter, the units of per­
meability are henrys per meter, and the units of the resulting flux density are 
webers per square meter, known as teslas (T). 

TIle penneabi lity of free space is called J.Lo, and its value is 

/J.o = 47T X 10- 7 Him ( 1-22) 

TIle penneabi lity of any other material compared to the penneability of free space 
is called its relative permeability: 

- " /L, - J.Lo ( 1-23) 

Relative penneability is a convenient way to compare the magnetizability of 
materials. For example, the steels used in modern machines have relative penne­
abilities of 2000 to 6000 or even more. This means that, for a given amount of 
current, 2000 to 6000 times more flux is established in a piece of steel than in a 
corresponding area of air. (The penneability of air is essentially the same as the 
penneability of free space.) Obviously, the metals in a transformer or motor core 
play an extremely important part in increasing and concentrating the magnetic 
flux in the device. 

Also, because the permeabi lity of iron is so much higher than that of air, the 
great majority of the flux in an iron core like that in Figure 1-3 remains inside the 
core instead of traveling through the surrounding air, which has much lower per­
meability. The small leakage flux that does leave the iron core is very important 
in detennining the flux linkages between coils and the self-inductances of coils in 
transformers and motors. 

In a core such as the one shown in Figure 1-3, the magnitude of the flux 
density is given by 

( 1-24) 

Now the total flux in a given area is given by 

( 1-25a) 

where dA is the differential unit of area. If the flux density vector is perpendicu­
lar to a plane of areaA, and if the fl ux density is constant throughout the area, then 
this equation reduces to 

(I - 25b) 

TIlUS, the total flux in the core in Figure 1-3 due to the current i in the wind-
ing is 

( 1-26) 

where A is the cross-sectional area of the core. 
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FIGURE 1-4 
(3) A simple electric cin:uit. (b) The magnetic circuit analog to a transformer COTe. 

Magnetic Circuits 

In Equation ( 1- 26) we see that the current in a coil of wire wrapped around a core 
produces a magnetic nux in the core . This is in some sense analogous to a voltage 
in an e lectric circuit producing a current now. It is possible to define a "magnetic 
circuit" whose behavior is governed by equations analogous to those for an elec­
tric circuit. The magnetic circuit model of magnetic behavior is often used in the 
design of e lectric machines and transfonners to simplify the otherwise quite com­
plex design process. 

In a simple electric circuit such as the one shown in Figure 1-4a, the volt­
age source V drives a current J around the circuit through a resistance R. The rela­
tionship between these quantities is given by Ohm's law: 

V = JR 

In the electric circuit, it is the voltage or electromotive force that drives the cur­
rent n ow. By analogy, the corresponding quantity in the magnetic circuit is called 
the magnetomotive force (mmI). The rnagnetomotive force of the magnetic circuit 
is equal to the effective current n ow applied to the core, or 

g=Ni ( 1- 27) 

where gis the symbol for magnetomotive force, measured in ampere-turns. 
Like the voltage source in the e lectric circuit, the magnetomotive force in 

the magnetic circuit has a polarity associated with it. The positive end of the mmf 
source is the end from which the nux exits, and the negative end of the mmf 
source is the end at which the nux reenters. The polarity of the mmf from a coil of 
wire can be detennined from a modificati on of the right-hand rule: If the fillgers 
of the right hand curl in the direction of the current n ow in a coil of wire, then the 
thumb wi ll point in the direction of the positive rnrnf (see Figure 1- 5). 

In an electric circuit, the applied voltage causes a current J to flow. Simi­
larly, in a magnetic circuit, the applied magnetomotive force causes nux <p to be 
produced. The relationship between voltage and current in an e lectric circuit is 
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""GURE l -S 
Determining the polarity of a magnetomotive force source in a magnetic cirwit. 

Ohm's law (V = IR); similarly, the relationship between magnetomotive force and 
flux is 

where 

g = magnetomotive force of circuit 

<p = flux of circuit 

CR = reluctance of circuit 

( 1- 28) 

1lle reluctance of a magnetic circuit is the counterpart of e lectrical resistance, and 
its units are ampere-turns per weber. 

1llere is also a magnetic analog of conductance. Just as the conductance of 
an e lectric circuit is the reciprocal of its resistance, the permeance cP of a magnetic 
circuit is the reciprocal of its rei uctance : 

( 1- 29) 

The relationship belween rnagnet omotive force and flux can lhus be expressed as 

( 1- 30) 

Under some circumstances, it is easier to work with the penneance of a magnetic 
circuit than with its reluctance. 
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What is the reluctance of the core in Figure 1-3? The resulting flux in this 
core is given by Equation (1-26): 

( 1-26) 

( 1-31 ) 

By comparing Equation ( 1-31) with Equation ( 1-28), we see that the re luctance 
of the core is 

( 1-32) 

Reluctances in a magnetic circuit obey the same rules as resistances in an electric 
circuit. TIle equivalent reluctance of a number of reluctances in series is just the 
sum of the individual reluctances: 

( 1-33) 

Similarly, reluctances in parallel combine according to the equation 

( 1-34) 

Penneances in series and parallel obey the same rules as e lectrical conductances . 
Calcu lations of the flux in a core performed by using the magnetic circuit 

concepts are always approximations-at best, they are accurate to within about 
5 percent of the real answer. lllere are a number of reasons for this inherent 
inaccuracy : 

I. TIle magnetic circuit concept assumes that all flux is confilled within a mag­
netic core . Unfortunately, thi s is not quite true. The permeabi lity of a ferro­
magnetic core is 2(x)() to 6()(x) times that of air, but a small fraction of the flux 
escapes from the core into the surrounding low-permeability air. This flux 
outside the core is called leakage flux, and it plays a very important role in 
electric machine design. 

2. TIle calculation of reluctance assumes a certain mean path length and cross­
sectional area for the core . These assumptions are not reall y very good, espe­
cially at corners. 

3. In ferromagnetic material s, the permeabi lit y varies with the amount of flux 
already in the material. This nonJinear effect is described in detail. It adds yet 
another source of error to magnetic circuit analysis, since the reluctances used 
in magnetic circuit calculations depend on the penneability of the material. 
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""GURE 1-6 
The fringing effect of a magnetic field at an air gap. Note 
the increased cross-sectional area of the air gap compared 
with the cross-sectional area of the metal. 

4. If there are air gaps in the flux path in a core, the effective cross-secti onal 
area of the air gap will be larger than the cross-sectional area of the iron core 
on either side. The extra effective area is caused by the "fringing effect" of 
the magnetic field at the air gap (Figure 1-6). 

It is possible to partially offset these inherent sources of error by using a "cor­
rected" or "effective" mean path length and the cross-sectional area instead of the 
actual physical length and area in the calc ulations. 

TIlere are many inherent limitations to the concept of a magnetic circuit, but 
it is still the easiest design tool avai lable for calculating fluxes in practical ma­
chinery design. Exact calculations using Maxwell 's equations are just too diffi­
cult, and they are not needed anyway, since satisfactory results may be achieved 
with this approximate method. 

TIle fo llowing examples illu strate basic magnetic circuit calculations. Note 
that in these examples the answers are given to three significant digits. 

Example I-t. A ferromagnetic core is shown in Figure 1-7a. Three sides of this 
core are of unifonn width. while the fourth side is somewhat thinner. The depth of the core 
(into the page) is 10 cm. and the other dimensions are shown in the figure. There is a 2()()'" 
turn coil wrapped around the left side of the core. Assruning relative penneability I-Lr of 
2500. how much flux will be produced by a I-A input current? 

Solutio" 
We will solve this problem twice. once by hand and once by a MATLAB program. and 
show that both approaches yield the same answer. 

Three sides of the core have the same cross-sectional areas. while the fourth side has 
a different area. Thus. the core can be divided into two regions: (I) the single thiImer side 
and (2) the other three sides taken together. The magnetic circuit corresponding to this core 
is shown in Figure 1-7b. 
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FIGURE 1-7 
(a) The ferromagnetic core of Example I- I. (b) The magnetic circuit corresponding to (a). 
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The mean path length of region I is 45 cm, and the cross-sectional area is 10 X 10 
cm = 100 cm2. Therefore, the reluctance in the first region is 

cc~~-,O~.4~5~m~~c-cc 
= (25DOX47T X 10 7)(0.0 1 m2) 

= 14,300 A ° turns/Wb 

(1 - 32) 

The mean path length of region 2 is 130 cm, and the cross-sectional area is 15 X 10 
cm = 150 cm2. Therefore, the reluctance in the second region is 

l2 l2 
"" = _ = c:-'-, 

J.Ul. 2 14~2 

ccccccc-_lc·3~m~cccc-c~ 
= (25DOX47T X 10 7)(0.0 15 m2) 

= 27,600 A ° turns/Wb 

Therefore, the total reluctance in the core is 

~ = 'l:!l + 'l:!2 

= 14,3DO A ° tumslWb + 27,600 A ° tlUlls/Wb 

= 4 1,900 A ° tumslWb 

The total magnetomotive force is 

g = Ni = (2DO turnsX I.O A) = 200 A ° turns 

The total flux in the core is given by 

g 200 A ° tlUllS 
cp = CR = 4 1,900 A otlUllsl Wb 

= 0.0048 \Vb 

(1 - 32) 

This calculation can be perfonned by using a MATLAB script file, if desired. A sim­
ple script to calculate the flux in the core is shown below. 

!l; M-file : exl _ 1.m 
!l; M-file t o ca l c ula t e the fl u x 

11 0 .4 5; 
i n Exa mp l e 1-1 . 

12 1. 3; 

"' 0 . 01 ; 

"' 0 . 01 5 ; 
or 2500; 
0 0 4* p i * l E- 7; 

0 200; 
i ~ " 
!l; Ca l c ula t e the fi r s t r e l u c t a n ce 
rl = 1 1 I ( u r * u O * a l ) ; 

d i sp ( [ ' rl = ' n um2str (rl ) I ) ; 

!l; Ca l c ula t e the secon d r e l u c t a n ce 
r 2 = 12 I ( u r * u O * a2 ) ; 

d i sp ( [ ' r 2 = ' n um2str (r 2 ) I ) ; 

% Le ng t h o f r egi o n 1 

• • • • • • • 

Le ng t h o f r egi o n 2 
Ar ea o f r egi o n 1 
Ar ea o f r egi o n 2 
Re l a t i ve permeabili t y 
Pe rmeabili t y o f f r ee space 
Number o f turns o n cor e 
CUrre n t in a mps 
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% Ca l c u l a t e the t o t a l r e l uc t a nce 
rt o t = rl + r 2; 

% Ca l c u l a t e the rum f 
rumf= n * i ; 

% Fina lly, get the fl u x i n the co r e 
f l u x = rumf I rt o t ; 

% Di sp l ay r esult 
d i sp ( [ 'Flu x = ' num2str ( fl u x ) I ) ; 

When this program is executed, the resul ts are: 

,. e1:1_ 1 

rl = 14323.9 44 9 
r 2 = 27586 , 8568 
Flu x = 0 , 00 4772 

This program produces the same answer as our hand calculations to the number of signifi­
cant digits in the problem. 

Example 1-2. Figure 1- 8a shows a ferromagnetic core whose mean path length is 
40 cm. There is a small gap of 0.05 cm in the structure of the otherwise whole core. The 
cross-sectional area of the core is 12 cm2, the re lative permeability of the core is 4(x)(), and 

the coil of wire on the core has 400 turns. Assmne that fringing in the air gap increases the 
effective cross-sectional area of the air gap by 5 percent. Given this infonnation, find 
(a) the total reluctance of the flux path (iron plus air gap) and (b) the current required to 
produce a flux density of 0 .5 T in the air gap. 

Solutioll 
The magnetic circuit corresponding to this core is shown in Figure 1-8b. 

(a) The reluctance of the core is 

I, 1< 
"" = - = J.Ul. < /.t r IJ.ty'I. < 

(1- 32) 

cccccc--cOc·4~m~=ccc-cc 
= (4000X47T X 10 7XO.OO2 m2) 

= 66,300 A • turns/Wb 

The effecti ve area of the air gap is 1.05 X 12 cm2 = 12.6 cm2, so the reluctance of the air 
gap is 

I. 
"'" = ­wi, 

0.0005 m 
= C(4C~--CX~1~Oa'X~O~.OO~1~276~m"') 

= 3 16,OOO A · turns/Wb 

(1- 32) 
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N=400 
turns 

g(=Ni) 

fo'IG URE 1-8 

+ 

,b, 

" 
J 1- 0.05 em 

T 
A=12cm2 

CJ;>.. (Reluctance of core) 

CJ:.>., (Reluctance of air gap) 

(a) The ferromagnetic core of Example 1- 2. (b) The magnetic circuit corresponding to (a). 

Therefore, the total reluctance of the flux path is 

1l! ... = CJ:l" + CQ" 

= 66,300 A· turns/Wb + 3 16,OOO A· turnsIWb 

= 382,300 A • tumslWb 

Note that the air gap contributes most of the reluctance even though it is 800 times shorter 
than the core. 

(b) Equation (1 - 28) states that 

Since the flux cp = BA and 'if = Ni, this equation becomes 

Ni = BACl! 

(1 - 28) 
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. BAct! , =--
N 

(0.5 D(0.00126 m2)(383,200 A ° tlU1lsi Wb) 
= 400 turns 

= 0.602 A 

Notice that, since the air-gap flux was required, the effective air-gap area was used in the 
above equation. 

EXllmple 1-3. Figure 1-9a shows a simplified rotor and stator for a dc motor. The 
mean path length of the stator is 50 cm, and its cross-sectional area is 12 cm2. The mean 
path length of the rotor is 5 em, and its cross-sectional area also may be assruned to be 
12 cm2. Each air gap between the rotor and the stator is 0.05 cm wide, and the cross­
sectional area of each air gap (including fringing) is 14 cm2

. The iron of the core has a rel­
ative penneability of 2()(x), and there are 200 turns of wire on the core. If the current in the 
wire is adjusted to be I A, what will the resulting flux density in the air gaps be? 

Solutioll 
To detennine the flux density in the air gap, it is necessary to first calculate the magneto­
motive force applied to the core and the total reluctance of the flux path. With this infor­
mation, the total flux in the core can be found. Finally, knowing the cross-sectional area of 
the air gaps enables the flux density to be calculated. 

The reluctance of the stator is 

---"" c­'ll,= 
/-t r IJ.QI\ I 

ccccccc-~OC·50m",ccc~o-" 
= (2000X47T X 10 7)(0.0012 m2) 

= 166,oooA o tlUllsIWb 

The reluctance of the rotor is 

---""~ 'll,= 
/-tr IJ.QI\ r 

O.05m 
= C(2;;;()()()=X:C4C-~-;X""'lo;O'i'C;;)(;;CO.;;:OO;;;1;;:2C:m:h') 
= 16,600A o tumslWb 

The reluctance of the air gaps is 

'. "'" = ---'"c­/-t r IJ.QI\. 
0.0005 m 

= C(1~)(~4-~~X~10~'X~O~.OO~1~4-m") 
= 284,000 A ° tlUllsIWb 

The magnetic circuit corresponding to this machine is shown in Figure 1-9b. The total re­
luctance of the flux path is thus 
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~I~I,="m 
Ic=50cm 

,., 

Stator reluctance 

,b, 
""GURE 1- 9 
(a) A simplified diagram of a rotor and stator for a de motor. (b) The magnetic circuit corresponding 
to (a) . 

CJ:l..q = Ci:!, + CJ:!"t + Ci:!, + Ci:!~2 
= 166,000 + 284,000 + 16,600 + 284,000 A • tumslWb 

= 75 1,ooo A · turns/Wb 

The net magnetomotive force applied to the core is 

g = Ni = (200 turnsXI.OA) = 200 A • turns 

Therefore, the total fl ux in the core is 
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g 200 A • turns 
cp = CR = 751.0CXl A • turnsJ \Vb 

= 0.cXl266 Wb 

Finally, the magnetic flux density in the motor 's air gap is 

B = cp = 0.000266 Wb 
A 0.0014 m2 0.19T 

Magnetic Behavior of Ferromagnetic Materials 

Earlier in this section, magnetic permeability was defined by the equation 

( 1-21) 

It was explained that the penneability of ferromagnetic materials is very high, up 
to 6(X)Q times the penneability of free space. In that discussion and in the examples 
that followed, the penneability was assumed to be constant regardless of the mag­
netomotive force applied to the material. Although permeability is constant in free 
space, this most certainly is not true for iron and other ferromagnetic materials. 

To illustrate the behavior of magnetic penneability in a ferromagnetic ma­
terial, apply a direct current to the core shown in Figure 1-3, starting with 0 A and 
slowly working up to the maximum permissible current. When the flux prOOuced 
in the core is plotted versus the magnetomotive force producing it, the resulting 
plot looks like Figure I-lOa. lllis type of plot is called a saturation curoe or a 
magnetization culVe. At first , a small increase in the magnetomotive force pro­
duces a huge increase in the resulting flux. After a certain point, though, further 
increases in the magnetomotive force produce re latively smaller increases in the 
flux. Finally, an increase in the magnetomotive force produces almost no change 
at all. The region of this fi gure in which the curve flattens out is called the satu­
ration region, and the core is said to be saturated. In contrast, the region where the 
flux changes very rapidly is calJed the unsaturated region of the curve, and the 
core is said to be unsaturated. The transition region between the unsaturated re­
gion and the saturated region is sometimes called the knee of the curve. Note that 
the flux produced in the core is linear ly related to the applied magnetomotive 
force in the unsaturated region, and approaches a constant value regard less of 
magnetomotive force in the saturated region. 

Another closely related plot is shown in Figure I-lOb. Figure I-lOb is a 
plot of magnetic flux density B versus magnetizing intensity H. From Equations 
(1 - 20) and (I - 25b), 

Ni g 
H ~ - ~ -

( Ie 

'" ~ BA 

( 1-20) 

(I - 25b) 

it is easy to see that magnetizing intensity is directly proP011io1UJi to magnetomotive 
force and magnetic flux density is directly propoT1ional to flux for any given core. 
Therefore, the relationship between B and H has the same shape as the relationship 
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(a) Sketch of a dc magnetization curve for a ferromagnetic core. (b) The magnetization curve 
expressed in terms of flux density and magnetizing intensity. (c) A detailed magnetization curve for a 
typical piece of steel. (d) A plot of relative permeability /J., as a function of magnetizing intensity H 
for a typical piece of steel. 
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between flux and magnetomotive force. The slope of the curve of flux density ver­
sus magnetizing intensity at any value of H in Figure I - I Db is by definition the per­
meability of the core at that magnetizing intensity. The curve shows that the penne­
ability is large and relatively constant in the unsaturated region and then gradually 
drops to a very low value as the core becomes heavily saturated. 

1000 

Figure I - IDe is a magnetization curve for a typical piece of steel shown in 
more detail and with the magnetizing intensity on a logarithmic scale. Only with 
the magnetizing intensity shown logarithmically can the huge saturation region of 
the curve fit onto the graph. 

The advantage of using a ferromagnetic material for cores in e lectric ma­
chines and transfonners is that one gets many times more flux for a given magne­
tomotive force with iron than with air. However, if the resulting flux has to be pro­
portional, or nearly so, to the applied magnetomotive force, then the core must be 
operated in the unsaturated region of the magnetization curve. 

Since real generators and motors depend on magnetic flux to produce volt­
age and torq ue, they are designed to produce as much flux as possible . As a result, 
most real machines operate near the knee of the magnetization curve, and the flux 
in their cores is not linearly related to the magnetomotive force producing it. This 
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nonlinearity accounts for many of the peculiar behaviors of machines that will be 
explained in future chapters. We will use MATLAB to calculate solutions to prob­
lems involving the nonlinear behavior of real machines. 

Example 1-4. Find the relative penneability of the typical ferromagnetic material 
whose magnetization curve is shown in Figure l-lOc at (a) H = 50. (b) H = 100. (c) H = 
500. and (d) H = 1000 A ° turns/m. 

Solutio" 
The penneability of a material is given by 

and the relative permeability is given by 

IJ- = B 
H 

(1 - 23) 

Thus. it is easy to detennine the penneability at any given magnetizing intensity. 

(a) AtH = 50A otums/m.B = 0.25T. so 

B 0.25 T 
IJ- = H = 50 A ° turns/m = O.OO5Q Him 

= ~ = 0.0050 HIm = 3980 
IL, f.1.O 47T X 10 7 Hhn 

(b) At H = lOOA ° turns/m. B = 0.72 T. so 

B 0.72 T 
IJ- = H = 100 A ° turns/m = 0.0072 Him 

= ~ = 0.0072 HIm = 5730 
IJ-, f.1.O 47T X 10 7 Hhn 

(c) AtH = 500 A ° turns/m.B = I.40 T, so 

B 1.40 T 
IJ- = H = 500 A ° turns/m = 0.0028 Him 

= ~ = 0.0028 HIm = 2230 
IJ-, f.1.O 47T X 10 7 Hhn 

(d) AtH = lOOOA oturns/m,B = 1.51 T, so 

B 1.51 T 
IJ- = H = 1000 A ° turns/m = 0.00151 Him 

= ~ = 0.00151 HIm = 1200 
IJ-, f.1.O 47T X 10 7 Hhn 
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Notice that as the magnetizing inte nsity is increased, the relative penne­
ability first increases and then starts to drop off. The relative permeability of a typ­
ical ferromagnetic material as a functio n of the magnetizing inte nsity is shown in 
Figure 1-lOd. This shape is fairly typi cal of all ferromagnetic materials. It can 
easi ly be seen from the curve for /L. versus H that the assumption of constant rel­
ative penneability made in Examples 1-1 to \-3 is valid only over a relatively 
narrow range of magnetizing inte nsities (or magnetomoti ve forces) . 

In the fo llowing example, the relative penneability is not assumed constant. 
Instead, the re lati onship between Band H is given by a graph. 

Example 1-5. A square magnetic core has a mean path length of 55 cm and a cross­
sectional area of 150 cm2. A 2()()...tum coil of wire is wrapped arOlUld one leg of the core. The 
core is made of a material having the magnetization curve shown in Figure l-lOc. 

(a) How much current is required to produce 0.012 Wb of flux in the core? 
(b) What is the core's relative permeability at that current level? 
(c) What is its reluctance? 

Solutioll 
(a) The required flux density in the core is 

B = q, = 1.012 Wb = 0.8T 
A 0.015 m2 

From Figure l-lOc, the required magnetizing intensity is 

H = 115 A" turns/m 

From Equation (1 - 20), the magnetomotive force needed to produce this magnetizing in­
tensity is 

q= Ni = Hlc 

= (115 A" turns/mXD.55 m) = 63.25 A" turns 

so the required current is 

i = q = 63.25 A" turns = 0.316A 
N 200 turns 

(b) The core's permeability at this current is 

B 0.8T 
I.L = H = liS A "turnshn = 0.00696 Him 

Therefore, the relative permeability is 

I.L 0.00696 Him 
I.Lr = 1.1.0 = 47T X 10 7 Him 5540 

(c) The reluctance of the core is 

tT'I = q = 63.25 A" turns = 5270 A. _ .. ~ -'" q, 0.012Wb turn", .. u 
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""GURE I- II 
The hysteresis loop traced out by the flux in a core when the current i{l) is applied to it. 

Energy Losses in a Fer romagnetic Core 

Instead of applying a direct current to the windings on Ihe core, let us now apply 
an alternating currenl and observe what happens. TIle currenl to be applied is 
shown in Figure I- ila. Assume that the flux in the core is initially zero. As the 
current increases for the first time, the flux in the core traces out path ab in Figure 
I- lib. lllis is basically the saturation curve shown in Figure 1- 10. However, 
when Ihe current fall s again, thef1ux traces out a different path from the one itfol­
lowed when the current increased. As the current decreases, the flu x in the core 
traces out path bcd, and later when the current increases again, the flu x traces out 
path deb. Notice that the amount of flux present in Ihe core depends nol only on 
Ihe amount of current applied to the windings of the core, but also on the previous 
history of the flux in Ihe core.lllis dependence on the preceding flu x history and 
the resulting failu re to retrace flux paths is cal led hysteresis. Path bcdeb traced out 
in Figure I- II b as the applied current changes is called a hysteresis loop. 
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FIGURE 1-12 
(a) Magnetic domains oriented randomly. (b) Magnetic domains lined up in the presence of an 
external magnetic field. 
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Notice that if a large magnetomolive force is first applied to the core and 
then removed, the flux path in the core will be abc, When the magnet omotive 
force is removed, the flux in the core does not go to zero. Instead, a magnetic field 
is left in the core. This magnetic field is called the residual flux in the core. It is in 
precisely this manner that pennanent magnets are produced. To force the flux to 
zero, an amount of magnetomotive force known as the coercive magnetomotive 
force '(tc mu st be applied to the core in the opposite direction. 

Why does hysteresis occur? To understand the behavior of ferromagnetic 
material s, it is necessary to know something about the ir structure. TIle atoms of 
iron and similar metals (cobalt, nickel, and some of their alloys) tend to have their 
magnetic fie lds closely aligned with each other. Within the metal, there are many 
small regions called domnins, In each domain, all the atoms are aligned with their 
magnetic fi e lds pointing in the same direction, so each domain within the material 
acts as a small permanent magnet. The reason that a whole block of iron can ap­
pear to have no flux is that these numerou s tiny domains are oriented randomly 
within the material. An example of the domain structure within a piece of iron is 
shown in Figure 1- 12. 

When an external magnetic fie ld is applied to this block of iron, it causes do­
mains that happen to point in the direction of the fi eld to grow at the expense of 
domains pointed in other directions. Domains pointing in the direction of the mag­
netic field grow because the atoms at the ir boundaries physically switch orientation 
to align themselves with the applied magnetic field. The extra atoms aligned with 
the fi e ld increase the magnetic nux in the iron, which in turn causes more atoms to 
switch orientation, further increasing the strength of the magnetic fie ld. It is this pos­
itive feedback effect that causes iron to have a penneabiJity much higher than air. 

As the strength of the external magnetic field continues to increase, whole 
domains that are aligned in the wrong direction eventually reorient themselves as 
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a unit to line up with the fi e ld. Finally, when nearly all the atoms and domains in 
the iron are lined up with the external fie ld , any further increase in the magneto­
motive force can cause only the same flux increase that it would in free space . 
(Once everything is aligned, there can be no more feedback effect to strengthen 
the field. ) At this point, the iron is saturated with flux. This is the situation in the 
saturated region of the magnetization curve in Figure 1-10. 

TIle key to hysteresis is that when the external magnetic fi e ld is removed, 
the domains do not complete ly randomize again. Why do the domains remain 
lined up? Because turning the atoms in them requires energy. Originally, energy 
was provided by the external magnetic field to accomplish the alignment; when 
the field is removed, there is no source of energy to cause all the domains to rotate 
back. The piece of iron is now a penn anent magnet. 

Once the domains are aligned, some of them wi ll remain aligned until a 
source of external energy is supplied to change them. Examples of sources of ex­
ternal energy that can change the boundaries between domains and/or the align­
ment of domains are magnetomotive force applied in another direction, a large 
mechanical shock, and heating. Any of these events can impart energy to the do­
mains and enable them to change alignment. (It is for this reason that a permanent 
magnet can lose its magnetism if it is dropped, hit with a hammer, or heated.) 

TIle fact that turning domains in the iron requires energy leads to a common 
type of energy loss in all machines and transfonners. The hysteresis loss in an iron 
core is the energy required to accomplish the reorientation of domains during each 
cycle of the alternating current applied to the core. It can be shown that the area 
encl osed in the hysteresis loop formed by applying an alternating current to the 
core is directly proportional to the energy lost in a given ac cycle. The smaller the 
applied magnetomotive force excursi ons on the core, the smaller the area of 
the resulting hysteresis loop and so the smaller the resulting losses. Figure 1-1 3 
illustrates this point. 

Another type of loss should be mentioned at this point, since it is also 
caused by varying magnetic fields in an iron core. This loss is the eddy current 
loss. The mechanism of eddy current losses is explained later after Faraday's law 
has been introduced. Both hysteresis and eddy current losses cause heating in the 
core material, and both losses must be considered in the design of any machine or 
transformer. Since both losses occur within the metal of the core, they are usually 
lumped together and called core losses. 

1.5 FARADAY'S LAW-INDUCED VOLTAGE 
FROM A TIME-CHANGING MAGNETIC 
FIELD 

So far, attention has been focused on the pnxluction of a magnetic field and on its 
properties. It is now time to examine the various ways in which an ex isting mag­
netic field can affect its surroundings. 

TIle first major effect to be considered is cal led Faraday s law. It is the ba­
sis of transfonner operation. Faraday's law states that if a flux passes through a 
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The elTect of the size of magoetomotive force excursions on the magnitude of the hysteresis loss. 

turn of a coil of wire, a voltage will be induced in the turn of wire that is directly 
proportional to the rate of change in the flux with respect to time. In equation 
fonn, 

( 1-35) 

where e ind is the voltage induced in the turn of the coil and <P is the flux passing 
through the turn. If a coil has N turns and if the same flux passes through all of 
them, then the voltage induced across the whole coil is given by 

where 

eioo = voltage induced in the coil 

N = number of turns of wire in coil 

<p = nux passing through coil 

( 1-36) 

The minus sign in the equations is an expression of Lenz slaw. Lenz's law states 
that the direction of the voltage bui ldup in the coil is such that if the coil ends 
were short circuited, it would produce current that would cause a flux opposing 
the original nux change. Since the induced voltage opposes the change that causes 
it, a minus sign is included in Equation ( 1-36). To understand this concept clearly, 
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The meaning of Lenz's law: (a) A coil enclosing an increasing magnetic flux: (b) determining the 
resulting voltage polarity. 

examine Figure 1- 14. If the nux shown in the figure is increasing in strength, then 
the voltage built up in the coil will tend to establish a flux that will oppose the in­
crease. A current fl owing as shown in Figure 1-1 4b would produce a nux oppos­
ing the iflcrease, so the voltage Ofl the coil must be built up with the polarity re­
quired to drive that current through the external circuit. 1l1erefore, the voltage 
must be buill up with Ihe polarity shown in the fi gure . Since the polarity of the re­
sulting voltage can be detennined from physical considerations, Ihe minus sign in 
Equalions (1- 35) and (1- 36) is often le ft out. It is le ft out of Faraday's law in the 
remainder of this book. 

1l1ere is one major diffi cu lIy involved in using Equation (1 - 36) in practical 
problems. That equation assumes that exactly Ihe same flu x is present in each tum 
of the coil. Unfortunately, the flux leaking o UI of the core inlo the surrounding air 
prevents this from being lrue . If the windings are tightly coupled, so that the vast 
majority of the flu x passing through one turn of the coil does indeed pass through 
all of them, then Equation ( 1- 36) will give valid answers. Bul if leakage is quite 
high or if extreme accuracy is required, a different ex pression that does not make 
that assumption will be needed. The magnitude of the voliage in the ith tum of the 
coil is always given by 

I f there are N turns in the coi I of wire, the total vollage on the coil is 

N 

eind = ~ ei 
i - I 

( 1- 37) 

( 1- 38) 
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( 1-39) 

( 1-40) 

The term in parentheses in Equation (1--40) is cal led the flux linkage A of the coil, 
and Faraday 's law can be rewritten in terms of flux linkage as 

( 1-41 ) 

where ( 1-42) 

The units of flux linkage are weber-turns. 
Faraday's law is the fundamental property of magnetic fi e lds involved in 

transformer operation. The effect of Lenz's law in transformers is to predict the 
polarity of the voltages induced in transformer windings. 

Faraday's law also explains the eddy current losses mentioned previously. 
A time-changing flux induces voltage within a ferromagnetic core in just the same 
manner as it would in a wire wrapped around that core. TIlese voltages cause 
swirls of current to fl ow within the core, much like the eddies seen at the edges of 
a river. It is the shape of these currents that gives rise to the name eddy currents. 
These eddy currents are fl owing in a resistive material (the iron of the core), so 
energy is dissipated by them. The lost energy goes into heating the iron core . 

The amount of energy lost to eddy currents is proportional to the size of the 
paths they fo llow within the core. For this reason, it is customary to break up any 
ferromagnetic core that may be subject to alternating fluxes into many small 
strips, or laminntions, and to bui ld the core up out of these strips. An insulating 
oxide or resin is used between the strips. so that the current paths for eddy currents 
are limited to very small areas. Because the insulating layers are extremely thin, 
this action reduces eddy current losses with very little effect on the core's mag­
netic properties. Actual eddy current losses are proportional to the square of the 
lamination thickness, so there is a strong incentive to make the laminations as thin 
as economically possible. 

EXllmple 1-6. Figure 1-15 shows a coil of wire wrapped around an iron core. If 
the flux in the core is given by the equation 

cp = 0.05 sin 377t Wb 

If there are 100 turns on the core. what voltage is produced at the terminals of the coil? 
Of what polarity is the voltage during the time when flux is increasing in the reference 
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""GURE 1-15 
The core of Example 1--6. Determination of the voltage polarity at the terminals is shown. 

direction shown in the figure ? Asswne that all the magnetic flux stays within the core (i.e., 
assume that the flux leakage is zero). 

Solutioll 
By the same reasoning as in the discussion on pages 29- 30, the direction of the voltage 
while the flux is increasing in the reference direction must be positive to negative, as shown 
in Figure 1- 15. The magnitude of the voltage is given by 

or alternatively, 

d~ 
e;"" = NYt 

= (100 turns) :, (0.05 sin 377t) 

= 1885 cos 377t 

eiod = 1885 sin(377t + goO) V 

1.6 PRODUCTION OF INDUCED FORCE 
ONAWIRE 

A second major effect of a magnetic fie ld on its surroundings is that it induces a 
force on a current-carrying wire within the field. The basic concept involved is il­
lustrated in Figure 1- 16. The fi gure shows a conductor present in a unifonn mag­
netic fie ld of flux density D, pointing into the page. 1lle conductor it self is I me­
ters long and contains a current of i amperes. The force induced on the conductor 
is given by 

F = i(I X D) ( 1-43) 
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h A current-carrying wire in the presence of 3. , , - , , 
magnetic field. 

where 

i = magnitude of current in wire 

I = le ngth of wire, with direction of I defined to be in the direction of 
current flow 

B = magnetic flux density vector 

The direction of the force is given by the right-hand rule: If the index finger of the 
right hand points in the direction of the vector I and the middle finger points in the 
direction of the flux density vector B, the n the thumb points in the direction of 
the resultant force on the wire. TIle magnitude of the force is given by the equation 

F = UR sin () ( 1-44) 

where () is the angle between the wire and the flux density vector. 

Example 1-7. Figure 1- 16 shows a wire carrying a current in the presence ofa 
magnetic field. The magnetic flux density is 0.25 T. directed into the page. If the wire is 
1.0 m long and carries 0.5 A of current in the direction from the top of the page to the bot­
tom of the page. what are the magnitude and direction of the force induced on the wire? 

Solutioll 
The direction of the force is given by the right-hand rule as being to the right. The magni­
tude is given by 

F = ilB sin (J (1-44) 

= (0.5 AXI.O m)(0.25 T) sin 90° = 0.125 N 

Therefore. 

F = 0.125 N. directed to the right 

The induction of a force in a wire by a current in the presence of a magnetic 
fie ld is the basis of motor action. Almost every type of motor depends on this 
basic principle for the forces and torques which make it move. 
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1.7 INDUCED VOLTAGE ON A CONDUCTOR 
MOVING IN A MAGNETIC FIELD 

There is a third major way in which a magnetic fi e ld interacts with its surround­
ings. If a wire with the proper orientation moves through a magnetic field , a volt­
age is induced in it. TIlis idea is shown in Figure \-\7. TIle voltage induced in the 
wire is given by 

eiD<! = (v X B) • I ( 1-45) 

where 

v = velocity of the wire 

B = magnetic nux density vector 

I = length of conductor in the magnetic fi e ld 

Vector I points along the direction of the wire toward the end making the smallest 
angle with respect to the vector v X B. The voltage in the wire will be built up so 
that the positive end is in the direction of the vector v X B. TIle following exam­
ples illustrate this concept. 

Example 1-8. Figure 1-17 shows a conductor moving with a velocity of 5.0 m1s 
to the right in the presence of a magnetic field. The flux density is 0.5 T into the page, and 
the wire is 1.0 m in length, oriented as shown. What are the magnitude and polarity of the 
resulting induced voltage? 

Solutio" 
The direction of the quantity v X B in this example is up. Therefore, the voltage on the con­
ductor will be built up positive at the top with respect to the bottom of the wire. The direc­
tion of vector I is up, so that it makes the smallest angle with respect to the vector \' X B. 

Since \' is perpendicular to B and since v X B is parallel to I, the magnitude of the 
induced voltage reduces to 

ejmd = (\' X B) ·I 

= (vB sin 90°) I cos 0° 

= vBI 

= (5.0 mls)(0.5 TXI.O m) 

= 2.5 V 

Thus the induced voltage is 2.5 V, positive at the top of the wire. 

(1---45) 

Example 1-9. Figure 1-18 shows a conductor moving with a velocity of 10 m1s 
to the right in a magnetic field. The flux density is 0.5 T, out of the page, and the wire is 
1.0 m in length, oriented as shown. What are the magnitude and polarity of the resulting 
induced voltage? 

Solutioll 
The direction of the quantity v X B is down. The wire is not oriented on an up-down line, 
so choose the direction of I as shown to make the smallest possible angle with the direction 
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Jo'I GURE 1- 18 
The conductor of Example 1--9. 

of \' X B. The voltage is positive at the bottom of the wire with respect to the top of the 
wire. The magnitude of the voltage is 

eiod = (\' X B) ' I 

= (vB sin 90°) l cos 30° 

= (10.0 m1sX0.51)( I.O m) cos 30° 

= 4.33 V 

(1--45) 

T he ind uction of voltages in a wire moving in a magnetic fi eld is funda­
mental to the operation of all types of generators. For this reason, it is called gen­
erator action. 
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""GURE 1-19 
A linear dc machine. The magnetic field points into the page. 

1.8 THE LINEAR DC MACHINE- A SIMPLE 
EXAMPLE 

• 

A linear dc machine is about the simplest and easiest-to-understand version of a 
dc machine, yet it operates according to the same principles and exhibits the same 
behavior as real generators and motors. It thus serves as a good starting point in 
the study of machines. 

A linear dc machine is shown in Figure \ - \9. It consists of a battery and a 
resistance connected through a switch to a pair of smooth, fri ctionless rails. Along 
the bed of this "rai lroad track" is a constant, uni form-density magnetic fi e ld di­
rected into the page. A bar of conducting metal is lying across the tracks. 

How does such a strange device behave? Its behavior can be determined 
from an application of four basic equations to the machine. These equations are 

I . The equation for the force on a wire in the presence ofa magnetic field: 

F i(I X B) I ( 1- 43) 

where F = force on wire 

i = magnitude of currenl in wire 

I = length of wire, with direction of! defined to be in the direction 
of current now 

B = magnetic nux density vector 

2. The equation for the voltage induced on a wire moving in a magnelic field: 

l e;Dd (vXB) -1 

where e;Dd = voltage induced in wire 

v = velocity of the wire 

B = magnetic nux density vector 

I = length of conductor in the magnelic field 

( 1- 45) 
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FIGURE 1-10 
Starting a linear dc machine. 

3. Kirchhoff 's voltage law for Ihis machine. From Figure J- J9lhis law gives 

VB - iR - ei!!d = 0 

( 1- 46) 

4. Newton's law for the bar across the tracks: 

(1 - 7) 

We will now explore the fundamental behavior of this simple dc machine 
using these four equations as lools. 

Sta rting the Linear DC Machine 

Figure 1- 20 shows the linear dc machine under starting conditions. To start this 
machine, simply close the switch. Now a currenl fl ows in the bar, which is given 
by Kirchhoff's voltage law: 

( 1- 47) 

Since the bar is initially at rest, e;Dd = 0, so i = VBIR. The current flows down 
through the bar across the tracks. But from Equation ( 1- 43), a currenl flowing 
Ihrough a wire in the presence ofa magnetic field induces a force on Ihe wire. Be­
cause of the geometry of the machine, this force is 

Find = ilB to the right ( 1- 48) 

Therefore, the bar will accelerale to the right (by Newton's law). However, 
when Ihe velocity of the bar begins 10 increase, a voltage appears across the bar. 
The voltage is given by Equation (1 - 45), which reduces for this geometry to 

e;Dd = vBI positive upward ( 1- 49) 

The voliage now reduces the current fl owing in the bar, since by Kirch­
hoff 's voliage law 
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""GURE 1-21 
The linear de machine on starting. 
(a) Velocity v(t) as a function of time; 
(b) induced voltage e .... (/); (c) currem i(t); 
(d) induced force Fu.il). 

( 1-47) 

As eioo increases, the current i decreases. 
TIle result of this action is that eventuall y the bar wi ll reach a constant 

steady-state speed where the net force on the bar is zero. TIlis will occur when eioo 

has risen all the way up to equal the voltage VB. At that time, the bar will be mov­
ing at a speed given by 

VB = e;Dd = v" BI 
V, 

v'" = BI ( I-50) 

TIle bar will continue to coast along at this no-load speed forever unless some ex­
ternal force disturbs it. When the motor is started, the velocity v, induced voltage 
eiDd , current i , and induced force Find are as sketched in Figure 1-21. 

To summarize, at starting, the linear dc machine behaves as follows: 

I, Closing the switch produces a current fl ow i = VB /R. 

2, The current flow produces a force on the bar given by F = ilB. 
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FIGURE 1-22 
The linear dc machine as a motor. 

3. The bar accelerales to the right, producing an induced voltage e;md as it 
speeds up. 

4. lllis induced voltage reduces the current flow i = (VB - e;Dd t)! R. 

5. The induced force is thus decreased (F = i J.IB) unti l eventually F = o. 
At that point, e;Dd = VB, i = 0, and the bar moves at a constant no- load speed 
v" = VB ! BI. 

This is precisely the behavior observed in real motors on starting. 

The Linear DC Machine as a Molor 

Assume that the linear machine is initial ly running at the no-load steady-state con­
ditions described above. What wi ll happen to this machine if an external load is 
applied to it ? To find out, let's examine Figure 1- 22. Here, a force Fto.d is applied 
to the bar opposite the direction of motion. Since the bar was initiall y at steady 
state, application of the force Ftoad wi ll result in a net force on the bar in the direc­
tion opposite the direction of motion (F Del = Fto.d - Find). The effect of this force 
will be to slow the bar. But just as soon as the bar begins to slow down, the in­
duced voltage on the bar drops (e;Dd = vJ.BI). As the induced voltage decreases, 
the current flow in the bar rises: 

( 1- 47) 

1l1erefore, the induced force rises too (Find = itIB). The overall result of this 
chain of events is that the induced force rises until it is equal and opposite to the 
load force, and the bar again travels in steady state, but at a lower speed . When a 
load is attached to the bar, the velocity v, induced voltage eind, current i , and in­
duced force Find are as sketched in Figure 1- 23 . 

1l1ere is now an induced force in the direction of motion of the bar, and 
power is being convenedJrom electricalfonn to mechanical Jonn to keep the bar 
moving. The power being converted is 
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""GURE 1- 23 
The linear de machine operating at no-load 
conditions and then loaded as a motor. 
(a) Velocity '01(1) as a function of time; 
(b) induced voltage e..JI); (c) current i(I); 
(d) induced force Fu.il). 

( I-51 ) 

An amount of electric power equal to eindi is consumed in the bar and is replaced 
by mechanical power equal to Findv, Since power is converted from electrical 10 
mechanical form, this bar is operating as a motor. 

To summarize this behavior: 

I . A force ~oad is applied opposite to the direction of motion, which causes a net 
force F ... , opposite 10 the direction of motion. 

2. The resulting acceleration a = Fo .. /m is negali ve, so the bar slows down (vJ.) . 
3. The voltage eiod = vJ.Bl falls, and so i = (VB - eiodJ.YR increases. 

4. The induced force F iod = itlB increases until I Fiod I = I Ftoad I at a lower 
speed v. 

5. An amount of e lectric power equal to eiodi is now being converted to me­
chanical power equal to fiodV, and the machine is acting as a motor. 

A real dc molor behaves in a precisely analogous fashion when it is loaded: 
As a load is added to its shaft, the motor begins to slow down, which reduces its in­
ternal voltage, increasing its current now. The increased currenl flow increases its 
induced torque, and the induced lorque wi ll equal the load torq ue of the motor at a 
new, slower speed . 
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""GURE 1-24 
The linear de machine as a generator. 

Note that the power converted from electrical form 10 mechanical form by 
this linear motor was given by the equation P coo¥ = F ;"dV , The power converted 
from electrical form to mechanical form in a real rotaling motor is given by the 
equation 

( I - 52) 

where the induced torque "TjDd is the rotational analog of the induced force F jDd , and 
Ihe angu lar velocity w is the rotational analog of the linear velocity v. 

The Linear DC Machine as a Generator 

Suppose that the linear machine is again operating under no-load steady-state con­
ditions. This time, apply a force in the direction of motion and see what happens. 

Figure \ - 24 shows the linear machine with an applied force Fapp in the di­
rection of motion. Now the applied force wi ll cause the bar to accelerate in the 
direction of motion, and Ihe velocity v of the bar will increase. As Ihe velocity 
increases, ejmd = vtBI will increase and will be larger than Ihe ballery voltage VB' 
With eind > VB, the currenl reverses direction and is now given by the equation 

. eiDd - VB 
,~ 

R ( I - 53) 

Since this current now flows up through the bar, it induces a force in the bar 
given by 

Find = ilB to Ihe left ( I - 54) 

TIle direction of the induced force is given by the right-hand rule. TIlis induced 
force opposes the applied force on the bar. 

Finally, the induced force will be eq ual and opposite to the applied force, 
and the bar wi ll be moving at a higher speed than before. Notice Ihat now the bat­
tery is charging. The linear machine is now serving as a generator, converting me­
chanical power Findv into electric power ejDdi . 

To summarize this behavior: 
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I. A force F app is applied in the direction of motion; F oet is in the direction of 
motion. 

2. Acceleration a = F"",/m is positive, so the bar speeds up (vt) . 

3. The voltage eiod = vtBl increases, and so i = (eiod t-VBYR increases. 

4. The induced force F ;od = itlB increases until I Find I = I Fload I at a higher 
speed v. 

5. An amount of mechanical power equal to F ;odv is now being converted to 
electric power e;odi, and the machine is acting as a generator. 

Again, a real dc generator behaves in precisely this manner: A torque is ap­
plied to the shaft in the direction of motion, the speed of the shaft increases, the in­
ternal voltage increases, and current fl ows out of the generator to the loads . The 
amount of mechanical power converted to electrical form in the real rotating gen­
erator is again given by Equation ( I-52) : 

( I-52) 

It is interesting that the same machine acts as both motor and generator. The 
only difference between the two is whether the externally applied forces are in the 
direction of motion (generator) or opposite to the direction of motion (motor) . 
Electrically, when eind > VB, the machine acts as a generator, and when e iod < VB, 
the machine acts as a motor. Whether the machine is a motor or a generator, both 
induced force (motor action) and induced voltage (generator action) are present at 
all times. nlis is generall y true of all machines- both actions are present, and it is 
only the relative directions of the external forces with respect to the direction of 
motion that determine whether the overall machine behaves as a motor or as a 
generator. 

Another very interesting fact should be noted : This machine was a genera­
tor when it moved rapidly and a motor when it moved more slowly, but whether it 
was a motor or a generator, it always moved in the same direction. Many begin­
ning machinery students expect a machine to turn one way as a generator and the 
other way as a motor. This does not occur. Instead, there is merely a small change 
in operating speed and a reversal of current fl ow. 

Starting Problems with the Linear Machine 

A linear machine is shown in Figure 1-25 . This machine is supplied by a 250-V 
dc source, and its internal resistance R is given as about 0. 10 n. (1lle resistor R 
models the internal resistance of a real dc machine, and thi s is a fairly reasonable 
internal resistance for a medium-size dc motor. ) 

Providing actual numbers in this fi gure highlights a major problem with ma­
chines (and their simple linear model). At starting conditions, the speed of the bar 
is zero, so eind = O. TIle current flow at starting is 

. VB 250 V 
Isu.n= R" = 0.1 n = 2500 A 
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The linear dc machine with componem values illustrating the problem of excessive starting currem. 
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A linear dc machine with an extra series resistor inserted to control the starting currem. 

This current is very high, often in excess of 10 times the rated current of the ma­
chine. Such currents can cause severe damage to a motor. Both real ac and real dc 
machines suffer from similar high-currenl problems on starting. 

How can such damage be prevented? TIle easiest method for this simple lin­
ear machine is 10 insert an extra resistance into Ihe circuit during starting 10 limit 
the current fl ow until ej!>d bui lds up enough to limit it. Figure \-26 shows a start­
ing resistance inserted into the machine circuitry. 

The same problem exists in real dc machines, and it is handled in precisely 
Ihe same fashion-a resistor is inserted into Ihe motor annature circuit during 
starting. TIle control of high starting current in real ac machines is handled in a 
different fashion, which will be described in Chapter 8. 

EXllmple 1-10. The linear dc machine shown in Figure 1-27a has a battery volt­
age of 120 V. an internal resistance of 0.3 n. and a magnetic flux density of 0.1 T. 

(a) What is this machine's maximum starting current? What is its steady-state 
velocity at no load? 

(b) Suppose that a 30-N force pointing to the right were applied to the bar. What 
would the steady-state speed be? How much power would the bar be producing 
or consruning? How much power would the battery be producing or consuming? 
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The linear de machine of Example 1- 10. (a) Starting conditions; (b) operating as a generator; 
(e) operating as a motor. 

Explain the differe nce between these two figures. Is this machine acting as a 
motor or as a generator? 

(c) Now suppose a 30-N force pointing to the left were applied to the bar. What would 
the new steady-state speed be? Is this machine a motor or a generntor now? 

(d) Assrune that a force pointing to the left is applied to the bar. Calculate speed of 
the bar as a flUlction of the force for values from 0 N to 50 N in IO-N steps. Plot 
the velocity of the bar versus the applied force. 

(e) Assume that the bar is lUlloaded and that it suddenly nms into a region where the 
magnetic field is weakened to 0 .08 T. How fast will the bar go now? 

Solutioll 
(a) At starting conditions, the velocity o f the bar is 0, so em = O. Therefore, 

i = VB - eiAd = l20Y - OV = 400 A 
R 0.3 0 
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When the machine reaches steady state, Find = 0 and i = O. Therefore, 

VB = eind = v,J31 
V, 

v ... = BI 

120 V 
= (0.1 TXlOm) = 120mls 

(b) Refer to Figure 1-27b. If a 30-N force to the right is applied to the bar, the final 
steady state will occur when the induced force Find is equal and opposite to the 
applied force F OPP' so that the net force on the bar is zero: 

F.pp = Find = ilB 

Therefore, 

. Find 30 N 
1 = IB = ( IOmXo. l T) 

= 30 A flowing up through the bar 

The induced voltage eind on the bar must be 

eind = VB+iR 

= 120 V + (30AX0.3 0 ) = 129 V 

and the final steady-state speed must be 
,~ 

v" =m 
129 V 

= (0.1 TXlOm) = 129m1s 

The bar is producing P = (129 VX30 A) = 3870 W of power, and the battery is 
consuming P = ( 120 VX30 A) = 3600 W. The difference between these two num­
bers is the 270 W of losses in the resistor. This machine is acting as a generator. 

(c) Refer to Figure 1-25c. This time, the force is applied to the left , and the induced 
force is to the right. At steady state, 

Fopp = Find = ilB 

. Find 30 N 
1 = IB = (IO mXO.IT) 

= 30 A flowing down through the bar 

The induced voltage eind on the bar must be 

eind= VB - iR 

= 120 V - (30 AX0.3 0 ) = III V 

and the final speed must be 
,~ 

v .. = m 
11I V 

= (0.1 TXIO m) = 111 mls 

This machine is now acting as a motor, converting electric energy from the bat­
tery into mechanical energy of motion on the bar. 
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(d) This task is ideally suited for MATLAB. We can take advantage ofMATLAB's 
vectoriled calculations to detennine the velocity of the bar for each value of 
force. The MATLAB code to perform this calculation is just a version of the 
steps that were performed by hand in part c. The program shown below calcu­
lates the current, induced voltage, and velocity in that order, and then plots the 
velocity versus the force on the bar. 

% M- f ile, exl _ 1 0 .m 
% M- f il e to ca l cu l ate and p l o t the vel oci t y o f 

f unc t i o n o f l oad . % a linear motor as a 
VB = 1 20; 
r = 0 . 3; 

% Battery vol tage (V) 
% Res i s tance (ohms ) 

1 = 1 ; 
B = 0 . 6; 

% Sel ect the 
F = 0, 10,50; 

• Ca l cu l ate 
1 0 

, . / (1 

• Ca l cu l ate 
e i nd = VB -

• Ca l cu l ate 
v_ba r 0 e i nd 

% Bar l ength (m) 
% Flux density (T ) 

forces to appl y t o 

• 
the bar 
Force (N) 

'he current s f l owi ng 1 0 'he mo t or. 
• B) ; • CUrrent (A ) 

'ho i nduced vol tages 0 0 'ho bar. 
i • c, • I nduced vol tage 

'ho vel oci t i es of the bar. 
. / (1 • B) ; % Vel oci t y (m/ s) 

% Pl ot the vel oci t y of the bar ver s u s f o r ce . 
p l ot (F,v_ba r ) ; 
t i t l e ( 'Pl ot of Vel oci t y ve r s u s Appli ed Fo r ce'); 
x l abel ( ' Force (N) ' ) ; 
y l abel ( 'Vel oci t y (m/ s)'); 

axi s ( [0 500 200 ] ) ; 

(V) 

The resulting plot is shown in Figure 1- 28. Note that the bar slows down more 
and more as load increases. 

(e) If the bar is initially unloaded, then eind = VB. If the bar suddenly hits a region 
of weaker magnetic field, a transient will occur. Once the transient is over, 
though, eind will again equal VB. 

This fact can be used to determine the final speed of the bar. The initial speed was 
120 rnls. The final speed is 

VB = eind = vllBl 

V, 
v .. = Bl 

120 V 
= (0.08 TXIO m) = 150 mls 

Thus, when the flux in the linear motor weakens, the bar speeds up. The same behavior oc­
c urs in real dc motors: When the field flux of a dc motor weakens, it turns faster. Here, 
again, the linear machine behaves in much the same way as a real dc motor. 
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1.9 REAL, REACTlVE,AND APPARENT 
POWER IN AC CIRCUITS 
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40 45 50 

In a dc circuit such as Ihe one shown in Figure l- 29a, the power supplied to the 
dc load is simply Ihe product of the voltage across the load and the current flow­
ing through it. 

p = VI ( I - 55) 

Unfortunately, the situation in sinusoidal ac circuit s is more complex, be­
cause there can be a phase difference between the ac voltage and the ac currenl 
supplied to Ihe load. TIle instantaneous power supplied to an ac load wi ll still be 
Ihe product of the instantaneous voltage and the instantaneous currenl, but the av­
erage power supplied 10 the load wi ll be affected by the phase angle between the 
voltage and the current. We wi ll now explore the effects of this phase difference 
on the average power supplied to an ac load. 

Figure l - 29b shows a single-phase voltage source supplying power 10 a 
single-phase load with impedance Z = ZL O O. If we assume that the load is in­
ductive, then the impedance angle 0 of the load will be positive, and the currenl 
will lag the voltage by 0 degrees. 

The voltage applied to this load is 

vet) = yI1V cos wi ( I - 56) 
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where V is the nns value of the voltage applied to the load, and the resulting cur­
rent flow is 

i(t) = V2I COS(wl - ()) 

where I is the rms value of the current fl owing through the load. 
1lle instantaneous power supplied to this load at any time t is 

pet) = v(t)i(t) = 2VI cos wt COS(wl - ()) 

( I-57) 

( I-58) 

1lle angle () in this eq uation is the impedance angle of the load . For inductive 
loads, the impedance angle is positive, and the current waveform lags the voltage 
waveform by () degrees. 

Ifwe apply trigonometric identities to Equation (1-58), it can be manipu­
lated into an expression of the form 

pet) = VI cos () (1 + cos 2wt) + VI sin () sin 2wt ( I-59) 

1lle first tenn of this equation represents the power supplied to the load by the 
component of current that is in phase with the voltage, whi le the second tenn rep­
resents the power supplied to the load by the component of current that is 90° out 
of phase with the voltage. The components of this equation are plotted in Figure 
1-30. 

Note that the first term of the instantaneous power expression is always pos­
itive, but it produces pulses of power instead of a constant value. The average 
va lue of this term is 

p = Vl cos () ( 1-60) 

which is the average or real power (P) supplied to the load by term 1 of the Equa­
tion (I - 59). The units of real power are watts (W), where 1 W = 1 V X 1 A. 
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""GURE 1-30 
The components of power supplied to a single-phase load versus time. The first component represents 
the power supplied by the component of current j" phase with the voltage. while the second term 
represents the power supplied by the component of current 90° OUI Of phase with the voltage. 

Nole that Ihe second tenn of the instantaneous power expression is positive 
half of the time and negative half of the time, so Ihal the average power supplied 
by this term is zero. This tenn represents power that is first transferred from the 
source 10 Ihe load, and then returned from Ihe load to the source. The power that 
continually bounces back and forth between the source and the load is known as re­

active power (Q). Reactive power represents the energy thai is first stored and then 
released in the magnelic field of an inductor, or in the electric field of a capacitor. 

The reactive power of a load is given by 

Q = v/ sin() ( 1-61 ) 

where () is the impedance angle of the load. By convention, Q is positive for in­
ductive loads and negative for capacitive loads, because Ihe impedance angle () is 
positive for inductive loads and negative for capacitive loads. TIle units of reac­
tive power are voH-amperes reactive (var), where I var = 1 V X 1 A. Even though 
the dimensional units are the same as for watts, reactive power is traditionally 
given a unique name to distinguish it from power actually supplied 10 a load . 

TIle apparent power (S) supplied to a load is defined as the product of the 
voHage across the load and the current Ihrough the load. TIlis is the power thai 
"appears" to be supplied to the load if the phase angle differences between volt­
age and current are ignored. Therefore , the apparenl power of a load is given by 
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S = V[ ( 1-62) 

1lle units of apparent power are volt-amperes (VA), where I VA = I V X 1 A. As 
with reactive power, apparent power is given a distinctive set of units to avoid 
confusing it with real and reactive power. 

Alternative Forms of the Power Equations 

If a load has a constant impedance, then Ohm 's law can be used to derive alterna­
tive expressions for the real, reactive, and apparent powers supplied to the load . 
Since the magnitude of the voltage across the load is given by 

V = JZ ( 1-63) 

substituting Equation ( 1--63) into Equations ( 1--60) to ( 1--62) produces equations 
for real, reactive, and apparent power expressed in tenns of current and impedance: 

P = [lZcos () 

Q = [ lZ sin () 

S = [ lZ 

where Izi is the magnitude of the load impedance Z. 
Since the impedance of the load Z can be expressed as 

Z ~ R + jX ~ Izl co, 0 + j Izl ' in 0 

( 1-64) 

( 1-65) 

( 1-66) 

we see from this equation that R = Izi cos () and X = Izi sin (), so the real and 
reacti ve powers of a load can also be expressed as 

where R is the resistance and X is the reactance of load Z. 

Complex Power 

( 1-67) 

( 1-68) 

For simplicity in computer calculations, real and reactive power are sometimes 
represented together as a complex power S, where 

s ~ P + jQ ( 1-69) 

1lle complex power S supplied to a load can be calculated from the equation 

S = VI * ( 1-70) 

where the asterisk represents the complex conjugate operator. 
To understand this equation, let's suppose that the voltage applied to a load 

is V = V L a and the current through the load is I = [ L {3. 1llen the complex 
power supplied to the load is 
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(~ v z Z = Izi Lon 

T -I 
FIGURE 1-3 1 
An inductive load has a posilil'e impedance angle (J. This load produces a lngging current. and it 
consumes both real power P and reactive power Q from the source. 

S = VI* = (VL a )(JL-f3) = VI L(a - (3) 

= VI cos(a - (3) + jVI sin(a - (3) 

The impedance angle () is the difference between the angle of the voltage and the 
angle of the current (() = a - /3), so this equation reduces to 

S = VI cos () + jVI sin () 

~ P +jQ 

The Relationships between Impedance Angle, 
Current Angle, and Power 

As we know from basic circuit theory, an inductive load (Figure 1- 3 1) has a pos­
itive impedance angle (), since the reactance of an inductor is positive. If the im­
pedance angle () of a load is positive. the phase angle of the current flowing 
through the load will lag the phase angle of the voltage across the load by (). 

I = V = VLoo= ~L_ () 
Z IzlL6 Izl 

Also, if the impedance angle () of a load is positive, the reactive power consumed 
by the load wi ll be positive (Equation 1-65), and the load is said to be consuming 
both real and reactive power from the source . 

In contrast, a capacitive load (Figure 1- 32) has a negative impedance 
angle (), since the reactance of a capacitor is negative. If the impedance angle () of 
a load is negative, the phase ang le of the current flowing through the load wi ll 
lead the phase angle of the voltage across the load by (). Also, if the impedance an­
gie () of a load is negative, the reactive power Q consumed by the load will be 
negative (Equation 1-65). In this case, we say that the load is consuming real 
power from the source and supplying reactive power to the source. 

The Power Triangle 

The real, reactive, and apparent powers supplied to a load are related by the power 
triangle. A power triangle is shown in Figure 1- 33. The angle in the lower left 
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""GURE 1-32 
A capacitive loo.d has a nega/il'e impedance angle (j, This load produces a leading current, and it 
consumes real pO\\'er P from the source and while supplying reactive power Q to the source, 

s Q = SsinO 

o 
P = ScosO 

p 
cosO =­

S 

sinO = SJ 
S 

tanO = ~ FI GURE 1-33 
The power triangle, 

corner is the impedance angle (), The adjacent side of Ihis triangle is Ihe real 
power P supplied to the load, the opposite side of the triangle is the reactive power 
Q supplied to the load, and the hypotenuse of the triangle is the apparent power S 
of the load, 

1lle quantity cos () is usually known as the power factor of a load , The 
power factor is defined as the fraction of the apparent power S that is actually sup­
plying real power to a load , TIlUS, 

PF = cos () ( 1- 71) 

where () is the impedance angle of the load, 
Note that cos () = cos (- ()), so the power factor produced by an impedance 

angle of +30° is exactly the same as the power factor produced by an impedance 
angle of -30° , Because we can't te ll whether a load is inductive or capacitive 
from the power factor alone, it is customary to state whether the current is leading 
or lagging the voltage whenever a power factor is quoted , 

TIle power triangle makes the relationships among real power, reactive 
power, apparent power, and the power factor clear, and provides a convenient way 
to calculate various power-related quantities if some of them are known, 

Example I- II. Figure 1- 34 shows an ac voltage source supplying power to a load 
with impedance Z = 20L - 30° n. Calculate the current I supplied to the load, the power 
factor of the load, and the real, reactive, apparent, and complex power supplied to the load, 
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FIGURE 1-34 
The circuit of Example I- II. 

Solutioll 
The current supplied to this load is 

I = V = 120LO° V = 6L300 A 
Z 20L 300 n 

The power factor of the load is 

PF = cos (J = cos (-30°) = 0.866 leading (1 - 71) 

(Note that this is a capacitive load, so the impedance angle (J is negative, and the current 
leads the voltage.) 

The real power supplied to the load is 

P = Vlcos (J 

P = (120 VX6A) cos (-30°) = 623.5 W 

The reactive power supplied to the load is 

Q=Vlsin(J 

Q = (120 V)(6A) sin (-30°) = -360 VAR 

The apparent power supplied to the load is 

S = VI 

Q = (120 V)(6A) = 720 VA 

The complex power supplied to the load is 

S = VI* 

1.10 SUMMARY 

= (l20LOOV)(6L-30° A)* 

= (l20LO° V)(6L30° A) = 720L30° VA 

= 623.5 - j360 VA 

(1- 60) 

(1- 61) 

(1- 62) 

(1- 70) 

This chapter has reviewed briefly the mechanics of systems rotating about a sin­
gle axis and introduced the sources and effects of magnetic fields important in the 
understanding of transformers, motors, and generators. 

Historically, the English system of units has been used to measure the 
mechanical quantities associated with machines in English-speaking countries. 
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Recently, the 51 units have superseded the English system almost everywhere in 
the world except in the United States, but rapid progress is being made even there. 
Since 51 is becoming almost universal , most (but not all) of the examples in this 
book use this system of units for mechanical measurements. Electrical quantities 
are always measured in 51 units. 

I n the section on mechanics, the concepts of angu lar position, angular veloc­
ity, angular acceleration, torque, Newton's law, work, and power were explained 
for the special case of rotation about a single axis. Some fundamental relationships 
(such as the power and speed equations) were given in both 51 and English units. 

TIle prOOuction of a magnetic field by a current was explained, and the spe­
cial properties of ferromagnetic materials were explored in detail. The shape of the 
magnetization curve and the concept of hysteresis were explained in terms of the 
domain theory of ferromagnetic materials, and eddy current losses were discussed. 

Faraday 's law states that a voltage will be generated in a coil of wire that is 
proportional to the time rate of change in the flux passing through it. Faraday's 
law is the basis oftransfonner action, which is explored in detail in Chapter 3. 

A current-carrying wire present in a magnetic field , if it is oriented properly, 
wi ll have a force induced on it. This behavior is the basis of motor action in all 
real machines. 

A wire moving through a magnetic field with the proper orientation will 
have a voltage induced in it. TIlis behavior is the basis of generator action in all 
real machines. 

A simple linear dc machine consisting of a bar moving in a magnetic field 
illustrates many of the features of real motors and generators . When a load is at­
tached to it, it slows down and operates as a motor, converting e lectric energy into 
mechanical energy. When a force pulls the bar faster than its no-load steady-state 
speed, it acts as a generator, converting mechanical energy into e lectric energy. 

In ac circuits, the real power P is the average power supplied by a source to 
a load . TIle reactive power Q is the component of power that is exchanged back 
and forth between a source and a load . By convention, positive reactive power is 
consumed by inductive loads (+ 0) and negative reactive power is consumed (or 
positive reactive power is supplied) by capacitive loads (- 0). TIle apparent power 
S is the power that "appears" to be supplied to the load if only the magnitudes of 
the voltages and currents are considered. 

QUESTIONS 

I-I. What is torque? What role does torque play in the rotational motion of machines? 
1-2. What is Ampere's law? 
1-3. What is magnetizing intensity? What is magnetic flux density? How are they related? 

1-4. How does the magnetic circuit concept aid in the design of transformer and machine 
cores? 

1-5. What is reluctance? 
1-6. What is a ferromagnetic material? Why is the permeability of ferromagnetic mate­

rials so high? 
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1-7. How does the relative penneability of a ferromagnetic material vary with magneto­
motive force? 

1-8. What is hysteresis? Explain hysteresis in tenns of magnetic domain theory. 
1-9. What are eddy current losses? What can be done to minimize eddy current losses in 

a core? 

1- 10. Why are all cores exposed to ac flux variations laminated? 
I- II. What is Faraday's law? 

1- 12. What conditions are necessary for a magnetic field to produce a force on a wire? 
1- 13. What conditions are necessary for a magnetic field to produce a voltage in a wire? 

1- 14. Why is the linear machine a good example of the behavior observed in real dc 
machines? 

1- 15, The linear machine in Figure 1- 19 is running at steady state. What would ha~n to 
the bar if the voltage in the battery were increased? Explain in detail. 

1- 16. Just how does a decrease in flux produce an increase in speed in a linear machine? 
1- 17, Will current be leading or lagging voltage in an inductive load? Will the reactive 

power of the load be positive or negative? 
1- 18. What are real, reactive, and apparent power? What lUlits are they measured in? How 

are they related? 

1- 19. What is power factor? 

PROBLEMS 

1- 1. A motor 's shaft is spinning at a speed of 3000 r/min. What is the shaft speed in 
radians per second? 

1- 2. A flywheel with a moment of inertia of 2 kg 0 m2 is initially at rest. If a torque of 
5 N o m (cOlUlterc1ockwise) is suddenly applied to the flywheel, what will be the 
speed of the flywheel after 5 s? Express that speed in both radians per second and 
revolutions per minute. 

1-3. A force of 10 N is applied to a cylinder, as shown in Figure PI - I. What are the mag­
nitude and direction of the torque produced on the cylinder? What is the angular ac­
celeration a of the cylinder? 

3D' 

, 

r= 0.25 m 
J=5k:s o m2 

F = ION 

fo'IGURE 1'1-1 
The cylinder of Problem \- 3. 
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1-4. A motor is supplying 60 N · m of torque to its load. If the motor 's shaft is turning at 
1800 r/min. what is the mechanical power supplied to the load in watts? In horse­
power? 

1-5. A ferromagnetic core is shown in Figure PI- 2. The depth of the core is 5 cm. The 
other dimensions of the core are as shown in the figure. Find the value of the curre nt 
that will produce a flux of 0.005 Wb. With this curre nt. what is the flux density at 
the top of the core? What is the flux density at the right side of the core? Assrune 
that the re lative permeability of the core is I()(x). 

I. I' ,m 1 r lOem - i--- 20 cm---+-=~-

T 
", m 

; [. 
+ - I-e--- - --

-- - -
-- - - 400 turns ", m 

- - --
- - - I-e-

[. 
", m 

1 
Core depth - 5 em 

fo'IGURE PI - 2 
The core of Problems 1- 5 and 1- 16. 

1-6. A ferromagnetic core with a re lative permeability of 1500 is shown in Fig ure PI - 3. 
The dimensions are as shown in the diagram. and the depth of the core is 7 cm. The 
air gaps on the left and right sides of the core are 0.070 and 0 .050 cm. respectively. 
Because of fringing effects. the effective area of the air gaps is 5 percent larger than 
their physical size. If there are 400 IlU1lS in the coil wrapped arOlUld the center leg 
of the core and if the current in the coil is 1.0 A. what is the flux in each of the left . 
center. and right legs of the core? What is the flux density in each air gap? 

1-7. A two-legged core is shown in Figure PI-4. The winding on the left leg of the core 
(Nt) has 400 turns. and the winding on the right (N2) has 300 turns. The coils are 
wound in the directions shown in the figure. If the dimensions are as shown. then 
what flux would be produced by currents i l = 0.5 A and i2 = 0.75 A? Assume I-L, = 
J(XXl and constant. 

1-8. A core with three legs is shown in Figure PI- 5. Its depth is 5 cm. and there are 200 
IlU1lS on the leftmost leg. The relative penneability of the core can be assruned to be 
1500 and constant. What flux exists in each of the three legs of the core? What is the 
flux density in each of the legs? Assume a 4 percent increase in the effective area of 
the air gap due to fringing effects. 
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The core of Problem 1-6. 
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FIGURE PI- 4 
The core of Problems \ - 7 and \ - 12. 
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Core depth = 5 cm 

""GURE P I-S 
The core of Problem 1--8. 

1-9. The wire shown in Figure PI--6 is carrying 5.0 A in the presence of a magnetic field. 
Calculate the magnitude and direction of the force induced on the wire. 

----

1= 1 m 

I 
- b 

n =O.25 T. 
----- to the right 

i=5.0A _ ""GURE 1'1-6 
A current-carrying wire in a 
magnetic field (Problem 1- 9). 

1- 10. The wire shown in Figure PI - 7 is moving in the presence of a magnetic field. With 
the information given in the figure. detennine the magnitude and direction of the in­
duced voltage in the wire. 

I- II. Repeat Problem 1- 10 for the wire in Figure PI-8. 
1- 12. The core shown in Figure PI-4 is made of a steel whose magnetization curve is 

shown in Figure PI-9. Repeat Problem 1- 7. but this time do not asswne a constant 
value of Pro How much flux is produced in the core by the currents specified? What 
is the relative permeability of this core under these conditions? Was the asswnption 
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X X ') X X HGURE 1'1-7 
A wire moving in a 
magnetic field (Problem 

0 ", 0.25 T. into the page 1- 10). 

l V=,mlS 

U =O.5 T 

HGURE " 1-8 
A wire moving in a magnetic field 
(Problem I- II). 

in Problem 1- 7 that the relative penneability was equal to 1()(x) a good assumption 
for these conditions? Is it a good assumption in general? 

1-13. A core with three legs is shown in Fig ure Pi- IO. Its depth is 8 em, and there are 400 
turns on the center leg. The re maining dimensions are shown in the fig ure . The core 
is composed of a steel having the magnetization curve shown in Figure I- Uk . An­
swer the following questions about this core: 
(a) What current is required to produce a flux density of 0.5 T in the central1eg of 

the core? 
(b) What current is required to produce a flux density of 1.0 T in the central leg of 

the core? Is it twice the current in part (a)? 
(c) What are the re luctances of the central and right legs of the core under the con­

ditions in part (a)? 
(d) What are the re luctances of the central and right legs of the core under the con­

ditions in part (b)? 
(e) What conclusion can you make about re luctances in real magnetic cores? 

1- 14. A two-legged magnetic core with an air gap is shown in Figure PI - II. The depth of 
the core is 5 cm. the length of the air gap in the core is 0.06 cm. and the munber of 
turns on the coil is I(x)() . The magnetization curve of the core material is shown in 
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""GURE 1'1- 9 
The magnetization curve for the core material of Problems 1- 12 and 1- 14. 

; -

N 400 turns 

~gCm1- 16cm -----1-8cm+- 16C1l1-+8cm-1 
Depth '" 8 em 

""GURE P i- IO 
The core of Problem 1- 13. 

T 
8cm 

t 
16 em 

1 
I 

80m 

-.L 

Figure PI-9. Assume a 5 percent increase in effective air-gap area to account for 
fringing . How much current is required to produce an air-gap flux density of 0.5 T? 
What are the flux densities of the four s ides of the core at that c urrent ? What is the 
total flux present in the air gap? 
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The core ofProbJem \- \4. 

1- 15. A transformer core with an effective mean path length of JO in has a 300-tW1l coil 
wrapped arOlUld one leg. Its cross-sectional area is 0.25 inl. and its magnetization 
curve is shown in Figure 1- IOc. If current of 0.25 A is flowing in the coil. what is 
the total flux in the core? What is the flux density? 

1- 16. The core shown in Figure PI - 2 has the flux cp shown in Figure PI - l2. Sketch the 
voltage present at the terminals of the coil. 

1- 17. Figure PI- 13 shows the core ofa simple dc motor. The magnetization curve for the 
metal in this core is given by Figure I- JOc and d. Assume that the cross-sectional 
area of each air gap is 18 cm2 and that the width of each air gap is 0.05 em. The ef­
fective diameter of the rotor core is 4 em. 
(a) It is desired to build a machine with as great a flux density as possible while 

avoiding excessive saturation in the core. What would be a reasonable maxi­
mum flux density for this core? 

(b) What would be the total flux in the core at the flux density of part (a)? 
(c) The maximum possible field current for this machine is I A. Select a reasonable 

nwnber of turns of wire to provide the desired flux density while not exceeding 
the maximum available current. 

1- 18. Asswne that the voltage applied to a load is V = 208L -30° V and the current flow­
ing through the load is I = 5L 15° A. 
(a) Calculate the complex power S consruned by this load. 
(b) Is this load inductive or capacitive? 
(c) Calculate the power factor of this load. 



62 ELECIRIC MACHINERY FUNDAMENTALS 

omo -------- -------------------------

0.005 

O~---}----'2----'3-'~"4----~5----"6C--->C---.8C---- f(ms) 

- 0.005 

- 0.010 --------------------- -------------

FIGURE 1'1- 12 
Plot of flux 4> as a function of time for Problem 1- 16. 

4,m 

N=? 

Ntums 
4,m 

Depth = 4cm 

FIGURE 1'1- 13 
The core of Problem 1- 17. 

(d) Calculate the reactive power consmned or supplied by this load. Does the load 
consume reactive power from the source or supply it to the source? 

1- 19. Figure PI - 14 shows a simple single-phase ac power system with three loads. The 
voltage source is V = l20LO° V. and the impedances of the three loads are 

2:J = 5L _90° n 

Answer the following questions about this power system. 
(a) Assrune that the switch shown in the figure is open. and calculate the current I. 

the power factor. and the real. reactive. and apparent power being supplied by 
the load. 
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(b) Assume that the switch shown in the figure is closed, and calculate the current 
I, the power factor, and the real, reactive, and apparent power being supplied by 
the load. 

(c) What happened to the current flowing from the source when the switch closed? 
Why? 

-
1 +1 +1 +1 
+ 

'"\., V z, Z, Z, 
-

T 1 1 1 

FIGURE PI- 14 
The circuit of Problem 1- \9. 

1-20. Demonstrate that Equation (I- 59) can be derived from Equation (I- 58) using the 
simple trigonometric identities: 

pet) = v(t)i(t) = 2VI cos wt cos(wt - (J) 

pet) = VI cos (J (I + cos 2wt) + VI sin e sin 2wt 

(I- 58) 

(I- 59) 

1-2 1. The linear machine shown in Figure PI - IS has a magnetic flux density of 0.5 T 
directed into the page, a resistance of 0.25 n, a bar length I = 1.0 m, and a battery 
voltage of 100 V. 
(a) What is the initial force on the bar at starting? What is the initial current flow? 
(b) What is the no-load steady-state speed of the bar? 
(c) If the bar is loaded with a force of 25 N opposite to the direction of motion, 

what is the new steady-state speed? What is the efficiency of the machine under 
these circrunstances? 

1=0 

1 
0.25 n i 

" -
X 

VB = \00 V -=-

X 

FIGURE PI- IS 
The linear machine in Problem \- 21. 

1-22. A linear machine has the following characteristics: 

B = 0.33 T into page 

1 = 0.5 m 

R = 0.50 n 

VB = 120V 

H =0.5 T 

x X X 

1m 

X X X 
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(a) If this bar has a load of 10 N attached to it opposite to the direction of motion, 
what is the steady-state speed of the bar? 

(b) If the bar nms off into a region where the flux density falls to 0.30 T, what hap­
pens to the bar? What is its fmal steady-state speed? 

(c) Suppose VB is now decreased to 80 V with everything else remaining as in 
part b . What is the new steady-state speed of the bar? 

(d) From the results for parts band c, what are two methods of cont rolling the 
speed of a linear machine (or a real dc motor)? 
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